Letter
pubs.acs.org/JPCL

When and Why Like-Sized, Oppositely Charged Particles Assemble
into Diamond-like Crystals
Kyle J. M. Bishop,*,† Nicolas R. Chevalier,‡ and Bartosz A. Grzybowski*,‡
†

Department of Chemical Engineering, The Pennsylvania State University, 132C Fenske Lab, University Park, Pennsylvania 16802,
United States
‡
Department of Chemical and Biological Engineering and Department of Chemistry, Northwestern University, 2145 Sheridan Road,
Evanston, Illinois 60208, United States
S Supporting Information
*

ABSTRACT: Like-sized, oppositely charged nanoparticles are known to assemble into
large crystals with diamond-like (ZnS) ordering, in sharp contrast to analogous molecular
ions and micrometer-scale colloids, which invariably favor more closely packed structures
(NaCl or CsCl). Here, we show that these experimental observations can be understood as
a consequence of ionic screening and the slight asymmetry in surface charge present on the
assembling particles. With this asymmetry taken into account, free-energy calculations
predict that the diamond-like ZnS lattice is more favorable than other 1:1 ionic structures,
namely, NaCl or CsCl, when the Debye screening length is considerably larger than the
particle size. A thermodynamic model describes how the presence of neutralizing
counterions within the interstitial regions of the crystal acts to bias the formation of lowvolume-fraction structures. The results provide general insights into the self-assembly of
non-close-packed structures via electrostatic interactions.
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the Debye screening length is considerably larger than the
particle size. These results are interpreted by a thermodynamic
model that describes how the presence of neutralizing
counterions within the interstitial regions between the NPs
can bias the formation of low-volume-fraction structures. The
virtue of our approach is that it rationalizes previous
experiments and delineates the phase space over which
diamond-like crystals can form without postulating complex
and/or physically unrealistic interparticle potentials previously
proposed to guide formation of diamond-like colloidal
crystals.17,18
The experimental system15 modeled here is comprised of Au
and Ag nanoparticles with mean diameters of 5.1 and 4.8 nm,
respectively, and coated with oppositely charged, ω-functionalized alkane thiols,19 HS(CH2)10COO− [MUA] and HS(CH2)11NMe3+ [TMA] (Figure 1a). The thicknesses of the
self-assembled monolayers (SAMs) coating the NPs are ∼1.6
nm for MUA and ∼1.9 nm for TMA; consequently, negatively
charged AuMUA NPs are very similar in size to positively
charged AgTMA NPs (total particle diameter, D ≈ 8.5 nm).
Importantly, owing to slight diﬀerences in the diameters of the
NP cores, AuMUA NPs are covered by slightly more ligands
than AgTMA NPs. Assuming equal thiol binding areas for Au
and Ag surfaces (∼0.21 nm2),20,21 the ratio of positive ligands

olloidal crystals characterized by diamond-like (ZnS)
internal ordering have long been studied1−3 due to the
fundamental interest in this non-closed-packed structure
(packing fraction of only 0.34) and potential applications as
photonic materials exhibiting a complete band gap in all
directions.4−7 At the microscale, such “artiﬁcial diamonds” have
been constructed by robotic manipulation,8 self-assembled from
more complex tetrahedral precursors,9 or grown over small
areas of surface-templated colloids.10,11 At the same time,
potentially more eﬃcient schemes based on self-assembly of
microparticles from solution have so far proven unsuccessful
and have invariably led to close-packed crystals with higher
packing fractions.12−14 On the other hand, we have shown15,16
that these limitations can be overcome at the nanoscale, where
equally sized, oppositely charged nanoparticles self-assemble
into large, diamond-like crystals, each composed of tens of
thousands to tens of millions of nanoparticles (Figure 1a). In
the original experimental study,15 we proposed that the
formation of these structures is the result of screening eﬀects
due to the counterions surrounding each NP.
Here, we take this analysis further and argue that while
screening is an important factor, the formation of artiﬁcial
diamonds by electrostatic forces also requires a slight
asymmetry, in fact, seen in the original experiment, between
the surface charge on positive and negative NPs. With this
asymmetry taken into account, free-energy calculations predict
that the diamond-like ZnS lattice is more favorable than
alternative 1:1 ionic structures (namely, NaCl or CsCl) when
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linearized Poisson−Boltzmann equation to model the system’s
electrostatics.22 Finally, as the oppositely charged NPs were
washed repeatedly prior to crystallization to remove excess ions,
the ion concentration during crystallization was at most ∼0.1
mM (equal that of the charged ligands). This salt concentration
corresponds to a screening length of κ−1 ≈ 40 nm and a
dimensionless screening parameter of κa ≈ 0.1, where a ≈ 4 nm
is the NP radius. Together, the screening parameter κa ≈ 0.1
and the excess charge Δσ/σ+ ≈ −0.1 serve to determine the
energetically favored crystal structure, as shown below.
To ﬁrst approximation, the problem of predicting the
structure of a crystal assembling from a solution of oppositely
charged NPs can be approached by comparing the (zerotemperature) energies of possible binary lattices. Because of the
1:1 stoichiometry of our NP mixture and of the assembling
crystals, we limit our analysis to the relevant binary lattices,
CsCl, NaCl, and ZnS (as opposed to, for instance, CaF2; Figure
1b). In the model, particles are treated as monodisperse spheres
with radius a and constant surface charge density σ±. For
simplicity, we approximate the core−shell structure of the NPs
by a single homogeneous medium with an eﬀective dielectric
constant εp ≈ 38, chosen such that the dielectric particle has the
same polarizability as the core−shell (metal/SAM) particles
used in experiments (see Supporting Information section 1).
We emphasize that the choice of εp does not inﬂuence the
conclusions of our analysis (see Supporting Information section
2). To calculate the electrostatic energy of the respective
structures, we ﬁrst solve for the electrostatic potential φ in and
around the particles, accounting for screening due to mobile
counterions within the interstitial regions between the particles.
Electric Potential. The electric potential φ within the
interstitial space between the particles is governed by the
linear Poissson−Boltzmann (PB) equation

Figure 1. (a) The 1:1 mixtures of positively charged AgTMA NPs and
negatively charged AuMUA NPs organize in solution to form
micrometer-sized NP crystals with diamond-like, ZnS structure. (b)
(Left) Three ionic lattices investigated, CsCl, NaCl, and ZnS.
(Middle) Unit cells for the three lattices with the simulation cells
highlighted in red. (Right) Electrostatic potential within the simulation
cells for equal and oppositely charged particles with κa = 1 and εp/ε =
1.

∇2 φ = κ 2φ

in solution

(1)

where κ−1 = (εεokBT/2e2no)1/2 is the screening length, ε is the
dielectric constant of the solvent, εo is the vacuum permittivity,
kBT is the thermal energy, e is the elementary charge, and no is
the concentration of the monovalent electrolyte in the
surrounding solution. The ions within the colloidal crystal are
in equilibrium with those in the surrounding electrolyte, that is,
the chemical potentials of ions inside and outside of the crystal
are equal. Consequently, the screening length is determined by
the salt concentration not inside of the crystal but rather in the
bulk solution where the electric potential is zero. Inside of the
particles, the electric potential is governed by Laplace’s
equation.

on a single AuMUA NP to negative ligands on a single AgTMA
NP is ∼1.1. This small asymmetry gives rise to an excess charge
for each pair of oppositely charged NPs equal to Δσ = σ+ + σ−
≈ −0.1σ+, where σ± is the surface charge density on the
respective particles. As we will show, the presence of
counterions within the unit cell needed to neutralize the excess
charge on the particles can act to shift the electrostatic free
energy in favor of the diamond-like ZnS structure.
Micron-sized crystals are grown from 1:1 mixtures of
positively and negatively charged NPs dispersed in 1:4 v/v
mixtures of water and DMSO at 65 °C with the pH adjusted to
>10 to fully deprotonate the MUA ligands.15 Powder X-ray
diﬀraction reveals that NPs are distributed on a diamond lattice
(ZnS structure), as further supported by elemental composition
measurements of the bulk crystals as well as STEM/EDS line
scans of the crystals faces (for all experimental details, see ref
15). In the context of the present study, it is important to note
that while the polydispersity of the NPs aﬀects the quality of
the NP supracrystals, it does not alter the diamond-like packing
as each separate crystal that forms is composed of NPs of equal
sizes (to within less than ∼0.2 nm).15 Consequently, we treat
the NPs as monodisperse. Also, the magnitudes of the
experimentally determined zeta potentials for NPs of either
polarity do not exceed ±60 mV,15 permitting the use of the

∇2 φ± = 0 inside +/− particles

(2)

Rather than compute the potential throughout the unit cell
with periodic boundary conditions, we divide the respective
structures along planes of mirror symmetry to create smaller
simulation cells (Figure 1b). By symmetry, the electric potential
at the surface of the simulation cell must satisfy the condition
n ·∇φ = 0

or

n ·∇φ± = 0

(3)

where n is the unit vector normal to the surface. In this way, the
electric potential may be calculated using only a fraction of the
entire unit cell (1/48th in the case of NaCl or CsCl, 1/12th in
the case of ZnS). Furthermore, at the surface of each particle,
Gauss’s law relates the surface charge density σ to the electric
potential as
1508
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(4)

Together, eqs 1−4 fully specify the electric potential
throughout the colloidal crystal. These equations are solved
numerically within the simulation cell using a commercial ﬁnite
element solver (COMSOL). Figure 1b shows the electric
potential for equal and oppositely charged particles for the
three diﬀerent ionic structures.
Electrostatic Free Energy. For the linear PB equation with
constant charge boundary conditions, the electrostatic free
energy per unit area of surface is given by23
1
f± = φσ
±
(5)
2 s
where φs denotes local potential on the particle surface and f is
measured relative to an uncharged reference state. The total
free energy of the simulation cell Fs is determined by
integrating this expression over the surfaces of positive (S+)
and negative (S−) particles.
1
1
Fs = σ+
φs dS + σ −
φs dS
2
2
S+
S−
(6)

∫

Figure 2. Symmetric particles. Electrostatic energy of crystallization
(scaled by F* = a3σ2+/εεo) as a function of the screening parameter κa
for the three 1:1 ionic lattices (CsCl, NaCl, and ZnS). The open
markers show the numerical results; the dashed curves show the
limiting behaviors for weak screening (κa ≫ 1) and strong screening
(κa ≫ 1) for the CsCl structure.

where q is the charge on each particle (here, q = 4πa2σ+) and d
is the nearest-neighbor separation (here, d = 2a). This limit is
illustrated for CsCl by the dashed curve in Figure 2. For equal
and oppositely charged particles in the limit of large screening
lengths, crystallization is energetically favorable in the order
ΔFCsCl < ΔFNaCl < ΔFZnS, meaning that formation of ZnS is the
least favorable option.
In the limit of strong screening (κa ≫ 1), electrostatic
interactions act over short length scales of order κ−1;
consequently, the electrostatic energy is well approximated by
a pairwise sum over interactions between nearest neighbors.
Using the Derjaguin approximation for constant charge
surfaces23,25

∫

To facilitate comparison between the three lattices, we
normalize Fs by the number of ion pairs within the simulation
cell, F ≡ Fs/Ns, with Ns = 1/48, 1/12, and 1/3, for CsCl, NaCl,
and ZnS, respectively. Furthermore, we deﬁne the energy of
crystallization ΔF as the change in energy accompanying the
organization of the particles from solution
ΔF = F − F+∞ − F −∞

(7)

F∞
±

where
is the free energy of +/− particles at inﬁnite
separation. The latter may be calculated explicitly as F∞
± =
∞
2πa2φ∞
± σ±, where φ± is the surface potential at inﬁnite
separation, φ∞
± = aσ±/εεo(1 + κa), obtained by solving eq 1
with the boundary condition from eq 4. Crystallization is
energetically favorable when ΔF < 0 and unfavorable when ΔF
> 0.
The electrostatic model outlined above is characterized by
three dimensionless parameters characterizing three physical
eﬀects: (1) the extent of ion screening, κa, (2) the degree of
charge asymmetry, σ−/σ+, and (3) the dielectric contrast
between particles and the solvent, εp/ε. Below, we address each
of these eﬀects in turn and highlight their implications to the
formation of ZnS structures.
Symmetric Particles. We ﬁrst consider the case of particles
with equal and opposite surface charge (σ−/σ+ = −1) and with
dielectric constants equal to that of the solvent (εp/ε = 1,
similar to the experimental value, εp/ε ≈ 0.7; see Supporting
Information section 2 for results when εp/ε ≠ 1). Figure 2
shows the energy of crystallization ΔF (scaled by F* ≡ a3σ2+/
εεo) as a function of the screening parameter κa for the three
ionic lattices. There are two limiting regimes: (1) a weak
screening regime where the screening length is much larger
than the particle size (κa ≪ 1) and (2) a strong screening
regime where the screening length is much smaller than the
particle size (κa ≫ 1).
In the limit of weak screening (κa ≪ 1), the energy
approaches that of the analogous ionic lattices as characterized
by Madelung constants, M, with M = 1.7627, 1.7476, and
1.6381 for CsCl, NaCl, and ZnS, respectively.24 Speciﬁcally
ΔF = −

Mq2
= −2πMF *
4πεεod

for κa → 0

ΔF = −

zπ ln(4)
F*
(κa)2

for κa → ∞

(9)

where z is the number of nearest neighbors (z = 8, 6, and 4 for
CsCl, NaCl, and ZnS). This limit is illustrated for CsCl by the
dashed curve in Figure 2. Crystallization is favorable; however,
the magnitude of the interaction is increasingly diminished by
ion screening as κa is increased. Lattices with more nearest
neighbors are energetically preferred, ΔFCsCl < ΔFNaCl < ΔFZnS.
Thus, for symmetric particles (σ −/σ+ = −1 and εp/ε = 1),
CsCl and NaCl structures are always energetically preferred
over ZnS structures regardless of the extent of ion screening.
This is not the case for asymmetric particles with diﬀerent
amounts of positive and negative charge.
Asymmetric Particles. When the net charge of the particles
diﬀers from zero (σ −/σ+ ≠ −1), the excess charge, Δσ = σ+ +
σ−, must be balanced by counterions within the unit cell to
maintain overall charge neutrality. Interestingly, for any amount
of excess charge Δσ, CsCl and NaCl are no longer favored over
ZnS for all values of the screening parameter κa. Figure 3a
presents the phase diagram showing the minimum-energy
structure as a function of the excess charge Δσ and the
screening parameter κa. The diamond-like ZnS structure is
favored over CsCl and NaCl structures when the screening
parameter κa is of the same order of magnitude as the excess
charge (scaled by σ+), that is, when κa ≈ |Δσ/σ+|. Interestingly,
this corresponds closely to the experimental conditions
described above, κa ≈ 0.1 and |Δσ/σ+| ≈ 0.1.
To understand these numerical results, it is helpful to reexamine the limits of large and small screening lengths in the
case of “non-neutral” (in terms of NP charges) crystals. For

(8)
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φ≈

4πa 2Δσ
εεoκ 2Vi

(12)

Consequently, the free energy per pair of oppositely charged
NPs F is well approximated as
2
4πa 2
8π 2F * ⎛ Δσ ⎞
φ(σ+ + σ −) =
F≈
⎜
⎟
2
(Vi /a3)(κa)2 ⎝ σ+ ⎠

(13)

This limit is illustrated in Figure 3b by the solid curves.
Interestingly, eq 13 suggests that structures with larger
interstitial volumes have lower electrostatic free energies due
to increased entropy of the neutralizing counterions; the
ranking of lattice energies is then ΔFZnS < ΔFNaCl < ΔFCsCl.
For suﬃciently small screening parameters κa, the formation
of any crystalline structure becomes energetically unfavorable.
Using eq 13, the energy of crystallization is unfavorable for
screening parameters
κa ≤

weak screening (κa ≪ 1), the volume between the particles is
ﬁlled with a nearly uniform concentration of free ionic charge
to maintain the charge neutrality of the unit cell. The density of
this ionic charge can be approximated as

4πa 2
Δσ
Vi

(10)

where Vi is the interstitial volume (per ion pair) within the unit
cell (here, Vi/a3 = 3.94, 7.62, and 16.25 for CsCl, NaCl, and
ZnS, respectively). The charge density is directly related to the
potential through the Boltzmann equation
⎛ eφ ⎞
ρ = 2eno sinh⎜
⎟ ≈ εεoκ 2φ
⎝ kBT ⎠

⎛ Δσ ⎞
⎜
⎟
⎝ σ+ ⎠

(14)

This approximate relation is valid for small amounts of excess
charge (i.e., for Δσ/σ+ ≪ 1). For example, for Δσ/σ+ = 0.1 as
in Figure 3b, the CsCl lattice becomes energetically unfavorable
for κa < 0.13.
In the opposite limit of short screening lengths (κa ≫ 1), the
free energy of crystallization remains dominated by nearestneighbor interactions. Consequently, lattices with more nearest
neighbors are energetically preferred, ΔFCsCl < ΔFNaCl < ΔFZnS.
In this limit, the free energy can be approximated by using
analytical solutions for two oppositely charged spheres25
(Supporting Information section 3); this is illustrated by the
solid curves in Figure 3b for κa ≫ 1.
We have shown how slight asymmetries in the surface charge
of oppositely charged colloidal particles can have a signiﬁcant
impact on the types of crystalline structures that form. In
particular, when the screening length is larger than the size of
the assembling particles (κa ≪ 1), charge asymmetry can lead
to the formation of “open” structures, like the diamond-like
ZnS structure. According to the model, the formation of the
ZnS structure requires the condition that κa ≈ |Δσ/σ+| ≪ 1.
For example, for particles with 1% charge asymmetry (|Δσ/σ+|
= 0.01), the screening length κ−1 must be ∼100 times greater
than the particle radius a. From a practical perspective, the
maximum screening length in deionized water is on the order
of ∼1 μm. As the proposed mechanism requires that κa ≪ 1,
the formation of diamond-like crystals through electrostatic
interactions alone is likely limited to submicrometer colloids.
Additional experiments investigating colloidal crystallization for
diﬀerent values of the excess charge Δσ /σ+ and the screening
parameter κa would be valuable in further validating the
predictions of the model.

Figure 3. Charge asymmetric particles. (a) Phase diagram illustrating
the energetically favored structure as a function of the excess charge
Δσ/σ+ and the ion screening parameter κa. (b) Free energies F for the
three crystal structures (scaled by F* = a3σ2+/εεo) with excess charge
Δσ/σ+ = −0.1; the solid black curve shows the free energy of two
particles at inﬁnite separation. For small κa, structures with more free
volume are energetically favored (FZnS < FNaCl < FCsCl). For large κa,
structures with more nearest neighbors are favored (FCsCl < FNaCl <
FZnS). (c) Data from (b) presented as the energy of crystallization ΔF.
Crystallization is energetically unfavorable for small κa due to excess
charge.

ρ=

2π
(Vi /a3)
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(1) Eﬀective dielectric constant of a core−shell particle; (2)
eﬀects of the particle dielectric constant; (3) analytical
expressions for pairwise electrostatic interactions. This material
is available free of charge via the Internet at http://pubs.acs.org.

where the approximation is consistent with the linear PB
equation used here. Combining eqs 10 and 11, the potential
inside of the unit cell is approximately uniform and equal to
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